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Natural patterns

Leopard spots
A herd of zebras 

Slime-mold colony in early stages of aggregation 

https://www.quantamagazine.org/biologists-home-in-on-turing-patterns-20130325/
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Turing instability
[ Turing .

1952 ]

o At least two interacting chemicals are neededfor pattern formation ;

o Diffusion  causes pattern forming instability
o Instability caused bydiffusion  causes growth at  a particular wavelength.

o Pattern formation will not  occur  unless the diffusion coefficients

of two  reagents differ  substantially

+ Reaction - diffusion equation
Ife  

= f.lu .  uh + D. fuzz Ui : concentration field of ;

fi  :  reaction  rare of i I non - linear)I
off -

. f. ii.in, +  D.
III.

is . : diffusion coefficient

Assume a Base  state : f ,
curb  uzb ) =  O

I
fr I Uab Usb ) =  o

Linear 're : perturbation up , ups Assume mode :
eat eihx

→ U
,

IX. t ) =  Ul  b  t  Up I

I
uzlx.tl = Urb t Upz

⇒
= Iftu

,sup,  t

Ifutlbupz
 t  D , Y

I
FIT =III.up ,  +¥1yep

.  +  Ds
III

write in  vector form .

⇒ III = Aep  +

DIET
,

A - f III
,

TITI
.

), D= (
D

' of

If
,

- D , qz
 Iffy

⇒ Eigenvalue problem : Gator = Astor ' At I
¥u

,

a¥z - pep
)

A particular solution : le, Teg,

een
't

+

czu-g.cat/ei9x
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→  characteristic polynomial = det I Aq - 6q2) = o

Goi - Hr Ag ) 6g t Iet Ag =  o

→ 2 eigenvalues : 6g ,
=

HAE 't 1HrAgktAg
I

Gg , ,  =
tag I 1HrAq12-4detAq- det Ag = Gq , 6g ,

I ,

I
tr Aq = Gg ,

t Ggz

+ det Agco : 6g , . .  are real with opposite  signs
+ det Ag >  0 : Itr Agp - 4 det Ag >  o qtr Aq s o I Gq n  so ) stable ①

tr Ag so l 6g , . ,  so ) unstable ②I
Hr Agl

'

- 4kt Ag co qtrAg co stable ③

tr Ag so unstable ④

det Aq Im Goin to

Im 6gi.io a Im Gg . . .  to oscillatory

instability
Re 691.2<0 Re Gg ,  z >  O

③ ④ /
stable unstable

(
Im 691.2=0 f

Im 64.2=0
① stable Re 6g , . . c ② unstable Re 6g , . .  so

> to Ag

{
Rel Ganz) opposite  sign
Im L Gq i.  z ) =o

Im 6am  = o stationary instability

\



+ stable .

.

Re 16g , .  a ) a  o
,

tr Ag so ⇐ 1¥+ It - 92 ID ,  t  Ds ) so

I
det CAG ) so 1¥

,
-9 'D

,

119¥
- 9432 ) - ¥i÷

,
so

D ,  Dz 92are positive ⇒ flue
,

+ 9¥ co

If no diffusion ,
It

,

+ IT
.  co always true

.

⇒  diffusion destabilize i det CAN change to  negative

→ find 19:

f-£mDzj§V
or

min detAgm) = fin , fun - f.  us fu ,
- ltmikjj.LY

Set det I Agm) co → Difzuz  t Dzfiu , > 2)DH3zlfiu.fr#-fufui )
For

-

( fin
,

= IFT ) condition for linear  instability

O ⇒ D , fzuz  t Dz flu , SO ,
With fin ,  t fuk  CO

⇒ fin ,  and fun have opposite  signs

Set fi  u ,  so
, fzuz  C  0

define diffusion length : Ii = III. .
h -

- IIIT.

⇒ 9in = Effi - IT )
→ h  c k

⇒ flu , >  o

⇒
chemical I enhances it own instability : activator

( chemical z  inhibits - inhibitor\ 97%!
 ⇒ beat activation  with long-range inhibition

*
,

.  - fine

I



The Giver
.

Meinhardt model
.

I Gierer  and Meinhardt  . 19727

IF=p # - µ ,
u ,  +  D. gift.

tnpk : decay rate

{
gut -

- put - thu .  +  " Tt; get . u÷ -

mu .  +  Di Txtsimplify by : f- I
' M = ' '

I
get = up - u .  +  Dr TYE

Find a base state Usb =  In,  , Uzb '

= pit
Jacobian : A - (

¥ - th  
- ÷. µ , - pei

stable :  eh A  < o

Z "  
-  '

hub
.  us )

= (
¥ ,  →

)

I
ekta >  o

⇒ I
" '  ' '

⇒ opus ,

µ ,  so

Add diffusion and

small
perturbation up nap

→ Ttt = pump - pimp  t  D ,Y
{ TH -

- F. up - nap  a  RIFT'

eigenvalue problem ¥19;) = III.' ' "

all ::)
+ Looking for  at least  one Reload >  o

→ det Agco  ⇒ He,  
- g2D , ) I - I - g

'
Da ) t 21h,  so

⇒  - D ,  + µ ,  Dz >  21D.DZ/I

set periodic boundary condition
;

→  solution : IAn eat cos lqx ) , q= ,  n  =L .
 2.3 .  - -

q

min
 =

Hi  Dz - Di  tftp.Dz-Di/2-4fliDzD,#---

→  critical length Lc  =

9mm
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µ ,  =  0.3
.

 D ,  =/ .
 Dz  = 30 ft ,  - 0.4

,
D ,  =/

,
Dz 

.

 - 30

E Y
. Song .  et  at wi ) ]

IT - rl ftp.T- cu , ] +  D. Oni

\
TfL =  r lui - and + Dr  Tur

After toooo  iterations
,

inhibitor :  in different I

I J
.
 D

. Murray 20123

numerical simulation
.

only scale parameters  are different
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Reaction
- diffusion models

[ A. R
.

Sanderson
.

et . al 2w6 ]



Rayleigh -  Benard convection
y ,

cool

2-

conduction  only →  connection f ) ( ) , y
→ unstable x

Tz
trot

I To - TH I critical
.

Value ?

+

Governing equation ,

cont
. %# + d# = It

non
.felt#+4¥+  YEEi = .IF+MEG.az#+egyyosmfTITek.cdetHti-uTyf-ivFzl---Ez-MEI.tt#t-egzTen

.Xp1¥+4¥tX¥z) =klI+EH+ To find steady state I stationary fluid )
+ Boussinesq approximation

FIT ) only im
'  '

pg
" term

. Assume : f = fo ( I -

21T
- T , ) ]

,
a >  o

I const for  other terms

+ stationary fluid.
a-  o

.

Neo

sp
⇒

Ty
=  O

I

¥
.

= - geol , -

act
. , , ,

⇒ /
: It

,
.

a .

Po  = Pa - gfz I -2  +  xp I
K zz =  o

+ Add small perturbation ,
linear 're  equation

O .  Ttp =  O

| FIT = - IT Opp  t dgtpk + 0 OUT.

Ift - f Vp  = KO
'

Tp

+  Dimensionless  equation . scaling :

oui -

- o length it

( It tu . O ) it =  - op  t Ra Pr I +Prout time tf\
Ift  t  vi.  ol T = E.  I +  02T temperature : I - T ,
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Rayleigh number Ra  
=29lTH 3

KU

Prandtl number Pr  = ¥

Boundary conditions :

VpI Z -

- o ,
-2 -

- it ) =o  , Tp 17--0
.

Z .  - it ) = o

stress free :
Np -

- o
. Jiffy  =o , zE=o

→ Eigenvalue problem →  eigenvalues  →  unstable state
.

I find critical situation )

I F.  H .
 Busse  and I. A

. Whitehead 1971 ] pit
j→x2-  = IH
x

T
. .Ra as control parameter

Find critical Rac  = 1708
convection  rolls

cross - roll

instability
Ra  =3 ooo

zigzag
instability
Ra  =3 low
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Pattern - firming : I by instability )

medium .

is driven  out of ego.

L
.

confined In 't
g

by TT
.

V
. . . .

tweet 'm

Eye extend direction I pattern formation )

+ For linear  stability analysis :

① eliminate physical lateral boundaries

↳ I ex : set  infinite boundary or periodic boundary )

the system translationally invariant  in  extended directions
.

identify stationary uniform none quit .  states as starting point fun
pattern formation .

+ linearized problem I evolution of tiny perturbation of  uniform state)

→  exp I Got t ) exp liq .  It I : wave  vector

G- 
:  growth rate of perturbation

( complex value )

( g- - dependent )

linearly stable Rel Ga all small perturbation decays to  zero
→ I

linearly unstable
"

: Rec Ififitbecomes positive at critical parameter  value
.

+ linear instability :

Critical wave vector : Max C Rec Ggt ] first becomes positive .

Critical wane  number magnitude go I length scale of growing perturb . ¥ )

Critical frequency we  = - Im I Gq .
) Leila x - wet ) ]

if we -

- o :  stationary type of instability{ if we  to :  oscillatory"  i  u



One dimensional Swift - Hohenberg equation I Swift  and Hohenberg 19773

tf ix. t ) =  I r - I ) ie - 23¥ - 44¥ - u
'

isIf ix. t ) =  ru  - ( Ex .  +  Du  - u
}

x
'

r :  control parameter 2 ex : Rayleigh number R I

"

(
equivalent

x :  extended coordinate

+ One  solution :
u - o : zero  velocity conduction state

Critical value re when  u -
- o  unstable C perturb → grow exp )

+ Linear  stability analysis

Up ix. t ) =  next ) - Ub arbitrary nearby solution  next )

→ III - tr-it Cuptub] -

"

2¥ C upiub] - ¥4Capt Ub ] . IUf Ub )
's )

- f I r - I ) Ub  -  2¥ Ub  - ¥4 Ub - Ub 's )
= I r -1) up - 2 II Up - ¥4Up  

- ¥§sUb - 3 up
US

⇒ Ift -
- Er- i - 2¥ .  . II.guy .

'

mttesmheaperhrb
.

¥

o Assume particular solution , up ix. ti = Aeoteax

⇒ 6 - r - I - 222 - 24

a : O if  infinitely large boundary .
consistent  with uniform nb in spaceI not  consistent with

up ,
unless a -

- image

⑦ if periodic boundary :

g
consistent with us .

Up ix. t ) =  Up txt L ,
t )

ed "
=  ed I Xxl )

→  edl =
I

, 2L =  zaim ( so that a pure snag . )
a- go ,

restrict q to

infinitely
quantized values :

q ±  m I ¥ )
,

M  =  O
,  It

,  IZ - "

• Thus
,

① & consistent with uniform base Ub

{
single exponential mode

. Up  = Aest e 'M

linearized evolution  equation can be  solved by a  single exp .  mode
.



o growth rate : 6g =  r - II- IT small .  amp  spacially periodic perturb a = gi

will growl decay exp .
in time  with Gq .

o General solution up ix. ti = -2g Cq etat ei9× periodic

Boundary

I
upcx.tl =L:cgeateirxdq infinite

Boundary

→ max Rel God co I r  co ) ⇒ ub=o linearly stable

+ Growth rates  and instability diagram .

want to determine when  max Rel 6g ) change from it to Itt
q

6g =  r - I g
'

- it ⇒ max Re ( Gq) when 9=1
q

o re  o : linearly stable
r >  o : linearly unstable

re -

- o : Re I God first  attain positive go  = I

- grow" "

i ÷" )
o if  initial up  is small -

amp
.  noise all Fonner  coefficients  son zero

.

→  cellular pattern  will start to grow

characteristic scale of perturbation : ¥



o  neutral

stability

: curve I Re Kal =  o
, t = I E - IT ]

.

.

.
.

( Ec
,

re )

o Thus
,

r  just larger than re  , expect cellular pattern will grow
with wave  num

. 9C

+ Steps of linear  stability analysis

i.  obtain  explicate  evolution eq .

z .
dimensionless equation

s
. Replace boundary with infinite I periodic

a
. find one time - independent  uniform  state us I with respect to x extend )

s
.

Linear 've eg .
about Ub . infinitesimal Up .

Coefficients not depend on Xenon time

6
.

use a particular  solution up  = Ug Ix , , I eat et TE ' solve linearized
eq .

→  wave  vector dependent growth rate Go

7 . Analyze Re I Got) - of
s nap  out linear  stability of  uniform states  as function of parameters .

by repeating 14.  -71 for different parameter  veetmp ,

identify pc max Re CGI ) -

- o



Classification of linear instabilities

o  control parameter p
r  in  swift - Hohenberg eg .

(
Ra  in Rayleigh - benard convection )

reduced control parameter e -

- PILL

o Type I instability
C instability occurs pop .

I

Re 6g

air at, unstable to perturbation  overl9 a
. band of  wave  numbers

E >  o l p > pal EI a q a Ent

N e -

- o I p -
- Pd

Ec  

Olpc
Pc )

expand at q , Gac  = to e

I
expand max Record =  

- Ez I g - get
→ Gg a ice - 3cg - get ]

Type I - s :  stationary instability I standing wave )
\

Type 2 .  o  :  oscillatory instability e traveling wave )

o Type I instability I growth rate  is  always zero  at geo ]

Reba

\ g

§ E >  o

E =  O

{ c  O

Re 6g =  D
'

leg '
- I liq ) D :  dimension of diffusion const

.

.  characteristic length ¥ →  no when e →  o
'

Type I - s

{
Type I - o



o Type It instability I max Re Gq at g -

- o )

Reh

\ q

X.
 
÷

.

Eco

Re 6g =  to C e - Egg ]

⇒ spacial structure  on  a large length scale

Type HI - s

{
Type I .  o



Non - linear  states

o Non !inearitiess ,nthe evolution  equations generates  spacial harmonics
.

eade to  steady spacialby periodic  sol
. for stationary inst

.

\ nonlinear  oscillation  or  waves for  oscillatory inst
.

+ Nonlinear  saturation

Saturated nonlinear  steady state :

Nonlinearity can cause  a time .
 independent  state such that nonlinear

termshave same  magnitude as linear terms  and balance them
.

o If p slightly alone pc ,
small nonlinear term  sufficient to balance

small linear  growth rate
.

Thus
, stationary solution  grows as p  increase

supercritical bifurcation I forward bifurcation) second - order transition
.

u  If nonlinear term  enhance growth rate  initially .

ennen though p  slightly larger than pc ,
disturbance will grow to

a large value
.

subcritical bifurcation I backward bifurcation) first - order transition
.

+ Complex amplitude
- A growing solution : it ix. t ) = Act , evi 'T '

Trg + A
*

e-
 it  It

up

faith
: Time dependent amplitude of perturbation

rig .

AHH : complex  conjugates
- ACH is complex ,  → IAI

→ perturbation :
Altieri .  It

= µ , e' Iet 've
= µ tenth

-10%1

phase : position of the pattern .

DA

stationary
instability : at = 6 A

DIET =  dat )
→ dff eid + talent d¥v=elated ⇒ I

date =  o



Nonlinear  stripe  state of Swift - Hohenberg equation
a ID Swift -

Hohenberg equation : ft  =  ru - III. tif u - u
's

growth rate ; Gq =  r
'  

- ( q - IT

o

9=1--9
c , 6g =  r Max Re C Gq) point .

→ grow
mode :  ert wsxAssume
steady saturated solution : u =  a.  cos x

[ cos
's

x  =  If wsx t I cos 13 x ) ]

→ O = Ira,  
-

fall
wsx - IT as

,
us 13 x )

⇒ I
ra ,  

- Ita ? =  o

tap ⇒

⇒ faa,

' . HE

⇒  no balance for nonlinear term

→ Assume :  a ,  cos  x  +  as  cos 13 x )

wstx = Tb I

lows
 x  +

furs I 3 x ) +  costs -

x ) )
I

cos
'

x =  ¥4135  wsx  +  21 cos 13 x) +7 costs -

x ) t  ios 17 x ) I
)

→ o = I ra ,  
-

I
, af + IT at as  + Ia , af ) cos  x

+ I ras - 6493 - 149? + Iz ata } ) cos 13 x )

+ I -34hPa, + I
,

a , at ) costs -

x )

+ I
,

a , as
'

cos 17×1

+ I
,

a } cos 19×1

a ,  u O I r
's )

93 ~  O I r %)⇒ him::: "

:ina , as

→ Need to  add more for cos is - x ) .
 ioslyx) .  wscgx )

⇒ solution :  u  = I an wslnx ) , an  u  ol r %) for  small r

n = odd

ex :  u  =  IIIT cos  x  +  ol r %) cos 13 x )

pattern grows  in  magnitude from r 't

o Numerical : Gabrkm  method
,

truncate to finite number of basis
.
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stability balloons

o  what  analyze when Tib is  specialty periodic in It

[ Felix Bloch
.

1928
. Solvelinear  evolution  equations with specially periodic

coefficients ]

For perturbation ,
solution :  eat 'T 't

e
'T 'T ' via IIe

.
In ) [ Block  state)

I :  wave vector
I via has  same periodicity as base Tb cats

↳  ⇒  "

1/1/1 x El oil ax . ay ,
, ita periodic in x. period 'T

+ Want to know of 1616105.81) becomes positive .

via is periodic in  x  with g → einen viaI any mtegar  m )

, Set  range .
 

- Eze  Qx a I → define Toi : em via'

E
 

is zero : perturbation doesn't  change periodicity of pattern
Qx  = I I on the boundary ) :  spatial period in  x is doubled

.(
instability may never  at longwave length I -0

+ Conceptual :  identify instability type .

→ each g. p s 't nonlinear  stature ted stripe state exist

→ find max  REECE
, q1) over all I

→ find max a- Rec ICE
; qi ] co

slowly growing domain

# fixed number of  stripes

!compressed ) stretched )

eg :  stripes of fish
grow bigger  as

age

I M . Cross and it
.

Greenside
. my ]
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For  stripe state I Eckhaus instability ) :

long wavelength longitudinal perturb . Qx  small
, Qy=o )

zigzag instability :

long wavelength transverse distortion Qx -

- o
, Qy small )

Zigzag instability for swift - Hohenberg equation

IF =  rn - ( Yz  t at 1) Zu - us

+ stationary nonlinear  stripe solution : uqcx ) = agwslqx )

→ ai = I L r - hi - it I
→  stripe  exists :  It Cr - Igf - it ] z o

→ r e q E ⇒r
transverse perturbation I =  Qj

→ perturbation , even : su -

-

est e' QY II. Cneoscnqx)

\ odd i su  = est et QY I Sh  sin I nqx ) "
6

→ 6=211 - q2) Q2 - Q4 for odd
zigzag

inst .

y
,

= oil sci - oil - oil \
+ If get ,  Gso instability Iqs I

stripes  with ga are unstable to odd transverse perturb.

If qzl,
Geo  stability

stripes with qzl are  stable to  some perturb .

+ Zigzag instability :

1gal
,) long wavelength small Q

.

Limitation of  stability balloon :

- Idealized infinity boundary .

- Tiny perturbation
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Bass balloon for Rayleigh . Benard convection

I Fritz Bass
.

1965 ] C Galer kin  method ]

Prindle number 6=1×102

Ra a 2 Rc

initial 9 =  2,8

The stripes  ane unstable to long wavelength transverse  
zigzag instability .

Ra =  1.7 Re

q = I . 64

unstable to cross - roll instability



stability balloon for stripes  state In . Cross and it
.

Greenside
. my ]

Prandtl number  = 7
.

Temperature of  water  = Gok

stable pattern

I

CR :  cross - roll I stationary , long wavelength ,
transverse )

K : knot I stationary , finite wavelength ,
transverse )

SV :  skew - varicose l stationary , long wavelength .
skew )

Z : Zigzag I stationary . Long wavelength ,
transverse )

E : Eckhaus I stationary . long wavelength , longitudinal )

[ F
.  it

.
Busse 1978 ]

Pr

Ra
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